Lecture 2

Outline

® Vertical oscillations of mass on spring

® Pendulum

® Damped and Driven oscillations (more
realistic)




Vertical Oscillations (I)

§k

® At equilibrium (no force), y
spring is stretched (cf. horizontal  Unseiches
spring): spring force balances
gravity

at rest has stretched
the spring by AL.

Hooke’s law: (Fsp)y — —kAy — 41 ELAL

Newton’s law: (Fyet), = (Fsp), + (Fi), = KAL —mg =0
= AL = 57




Vertical Oscillations (Il) ..

stretched
by AL

® Oscillation around equilibrium,y = 0
(spring stretched)

block moves upward, spring still stretched -

Block’s
equilibrium
position

m

(Fnet)y — (Fsp)y + (FG) =k (AL y)
Using kAL —mg =0 (ethbrmm), (Fnet)

® gravity disappeared”.. = as before: y(t) =

Spring
stretched
by AL — y

F,
* F_:net
F

Oscillation around the
equilibrium position
1s symmetrical.




Example

® A 8 kg mass is attached to a spring and allowed
to hang in the Earth’s gravitational field. The
spring stretches 2.4 cm. before it reaches its

equilibrium position. If allowed to oscillate, what
would be its frequency!?




Pendulum ()

® T[wo forces: tension (along string) and gravity

® Divide into tangential and radial...

(Fnet)tangent

d”s
dt?

(FG)tangent = —Mgsinb = magangent

acceleration around circle

= —gsinf

™\

more complicated

6 and s are

negative on
the left.

Center /

of circle

Tangential

axis \/ A

The gravitational force
has a tangential
Component —mg sm@

6 and s are
positive on
the right.

L

A

Arc length

The tension has
only a radial
component.




Pendulum (ll)

-angle approximation

sinf =~ 6 (6 in radians)

ishing as Pearson Addison-Wesley.

N_

mg
tangent L
i (

S

3 =—45s as mass on spring)
() = Acos (wt + ¢g) or B(t) = Opas cos (Wt + @)

w = 27f = \/% (independent of m, cf. spring)




Example

® The period of a simple pendulum on another planet is
|.67 s.What is the acceleration due to gravity on this
planet? Assume that the length of the pendulum is Im.




Summary

restoring force (o displacement from equilibrium)
e.g. mass on spring, pendulum (for small angle)

(x—y for vertical): z(t) = Acos (wt + ¢g) va(t) = —wAsin (wt + ¢o)

A, ¢¢ determined by initial conditions (t=0)

Lo — A cos ¢0, Vo o — —wAsingbo

w depends on physics (/k/m or \/g/L ),not on A, ¢g

conservation of energy (similarly for pendulum):

1/2mv2 +1/2 kx* =1/2 kA? =1/2 mv?

maax
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Pendulum (lll)

o pendulum (mass on string is
pendulum)

(restoring) torque

/ / moment arm

T=—Mgd = —Mglsinf ~ —Mglf (small angle)

. 2
« (angular acceleration) = ‘Zl—tg _ T

I (moment of inertia)

M gl

SHM equation of motion: w =27 f = 7




Damped Oscillations (I)

Spring
constant k

forces transform mechanical
into heat e.g. friction

® model of air resistance (b is

—bv (drag force) =
(Fsp), + Dy = —kx — bu, = ma,
r = 0 (equation of motion for oscillator)

k
m

® Check that solution is (reduces to earlier for b = 0)

x(1) = Ae ""*"cos(wt + @) (damped oscillator)

kb \/
oW — ___2: w
m 4dm




Damped Oscillations (II)A%‘.

damped: b/(2m) < wy
Tmaz(t) = Ae 0t/ (2m)

® Energy not conserved:
3 (time constant)

k (xf,mm)2 — (%kAQ) e /T

measures characteristic time of energy
dissipation (or “lifetime™): oscillation

over in time, but “almost’” over in 037&,-

time

\
\

A 1s the 1nitial amplitude.

The envelope of the
amplitude decays
exponentially:

— 2
X = Ae bt2m

max

0.13E, -

/\ /\ \/‘ NAAf,
VRV A AE

........ The oscillator starts
with energy E,,.

The energy has decreased to
37% of its initial value att = 7.

The energy has
decreased to 13%
of its 1nitial value

0




Re S O n a. n C e Amp itude The oscillation has

maximum amplitude

when f . = f,. This
Driven oscillations s resonance.

(cf. free with damping so far): i The oscillation has

only a small amplitude

periodic force t  when [, differs

substantially from f,.

e.g. pushing on a swing A
fo: frequency of oscillation

T I fext (HZ)
3

e.g /k/mor \/g/L ",

- This 1s the natural
frequency.

Jext: driving frequency of external force—-

amplitude rises as fexzt — Jo: external forces pushes oscillator
at point in cycle, adding energy (fext # fo — sometimes
add, other times remove, not in sync)

amplitude very large: f..; = fo (resonance)




